We proved two important identities of the rank of the product of matrixes by using block matrixes and system of solutions of reference of homogeneous linear equations and give some useful equalities and inequalities of rank of the product of the matrixes base on these identities.
Introduction
The rank of matrix is a very pointed and useful notion , there are many equalities and inequalities about the rank of matrix , such as well-known Sylvester inequality
r(AB) ≥ r(A) − r(B) − n. and Frobenius inequality r(ABC) ≥ r(AB) − r(BC) − r(B).
In this study , we proved two important identities of the rank of the product of matrix by using block matrix and system of solutions of reference of homogeneous linear equations , by using block matrix we can direct derive Sylvester inequality and Frobenius inequality.
Lemmas
Lemma 1. Let V is vector space with dimension n of number filed P , α 1 , α 2 , . . . , α n is a set of basis of V , β 1 , β, . . . , β m is a random set of vector of V ,W = L(β 1 , β 2 , . . . , β m ) , the matrix of σ act on basis α 1 , α 2 , . . . , α n is A, where σ is linear transformation of V . That is
Proof. Using
Lemma 2. let V is vector space with dimension n of number field P , W is subspace of V , σ is linear transformation of V . Then Since
We can derive by lemma 1
Therefore,we obtain
(A, B) ≥ max(r(A), r(B)).
3 Theorem
Where η 1 , η 2 , . . . , η n−r(A) is system of solutions of reference of homogeneous linear equations AX = 0.
Proof. (1)
A is square matrix with order n , let V is vector space with dimension n of number filed P , α 1 , α 2 , . . . , α n is a set of basis of V , suppose the matrix of σ act on basis α 1 , α 2 , . . . , α n is A , where σ is linear transformation of A, that is ,
Where η 1 , η 2 , . . . , η n−r(A) is system of solutions of reference of homogeneous linear equations AX = 0 , then 
Thus , equality (1) is right. 
Consequence 2. (Sylvester inequality) Suppose A n×m , B n×m is matrix. Then r(AB) ≥ r(A) + r(B) − n.
In fact , consequence 2 can be derived by r(B, η 1 , η 2 , . . . , η n−r(A) ) ≥ r(B)and theorem 1.
Where η
n−r(A) ) is system of solutions of reference of homogeneous linear equations A i X = 0(i = 1, 2, . . . , k − 1).
In fact , we can derive by theorem 1,
and we can derive consequence 3 by adding those equalities above together.
Consequence 4.
Suppose A ∈ P n×m , B ∈ P p×m , C ∈ P n×q , B is column nonsingular matrix , C is row nonsingular matrix. Then 
Proof. we can derive by using general elementary transformation of block matrix
Thus equality (2) is right. Furthermore , we can represent the rank of matrix multiplication by using the method of organizing simple block matrix from dividing of the product of finite matrix into segment.
The Sylvester inequality of rank of matrix multiplication r(AB) ≥ r(A) + r(B) − n is important in matrix theorem . By using theorem 2 and the properties of block matrix , we can generalize Sylvester inequality as follows. ≤ r(A 1 , A 2 , . . . , A k ) ≤ min(r(A 1 ), r(A 2 ) . . . , r(A k ) Proof.
r(ABC) = r AB 0 B BC − r(B) ≥ r(AB) ≥ r(BC) − r(B)
That is , Frobenius inequality is right .
